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The emergence of flat bands in twisted bilayer graphene leads to an enhancement of interaction
effects, and thus to insulating and superconducting phases at low temperatures, even though the
exact mechanism is still widely debated. The position and splitting of the flat bands is also very
sensitive to the residual interactions. Moreover, the low energy bands of twisted graphene bilayers
show a rich structure of singularities in the density of states, van Hove singularities, which can
enhance further the role of interactions. We study the effect of the long-range interactions on the
bandwidth and the van Hove singularities of the low energy bands of twisted graphene bilayers.
Reasonable values of the long-range electrostatic interaction lead to a band dispersion with a signif-
icant dependence on the filling. The change of the shape and position of the bands with electronic
filling implies that the van Hove singularities remain close to the Fermi energy for a broad range of
fillings. This result can be described as an effective pinning of the Fermi energy at the singularity.
I. INTRODUCTION
The recent observation of unconventional superconduc-
tivity and insulating behavior at charge neutrality (CN)
in twisted graphene bilayer (TBG) at the magic angle
θ ∼ 1◦ [1, 2], see also [3–5], has motivated a renewed
interest in the physics of twisted graphene superlattices
and related structures.
Even more recent experiments have revealed unex-
pected features of magic-angle TBG close to CN, such
as the presence large spectral gaps at fractional filling
[6], the appearance of alternating superconducting and
insulating phases on an increase of the occupation of the
conduction bands [7] as well as evidence of charge order-
ing and broken rotational symmetry [8, 9].
From a theoretical point of view, the low energy con-
tinuum model of TBG originally proposed in [10] and
developed in [11–14] leads to isolated flat bands at CN,
with vanishing Fermi velocity at the certain angles, the
“magic angles”. In contrast to tight-binding models [15–
17], which require a substantial numerical effort because
of the large size of the Moire´ superlattices at small twist
angles (with more than 104 atoms per supercell), such
continuum models are a much more efficient alterna-
tive. They have recently been generalized to describe the
electronic spectrum of related twisted materials, such as
twisted graphene tri-layer [18, 19], quadruple-layer [20–
22] and multi-layer graphitic structures [23–25].
Near the magic angle, the quenching of the kinetic en-
ergy induced by non dispersive (flat) bands can strongly
enhance the role of the electronic interactions, especially
if the Fermi energy is close to the van Hove singularity.
A number of recent theoretical studies have addressed
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this topic [26–35], suggesting this can lead o the forma-
tion of novel strongly-correlated phases. The prolifer-
ation of these singularities, due to the increasing num-
ber of band-crossings in the flat bands as we decrease
the twist angle in TBG [9, 34, 36, 37], can further en-
hance van Hove peaks in the DOS. In addition, the strong
filling dependence of the electronic compressibility ob-
served in Ref. [6] and the experimental evidence of filling-
induced symmetry-broken phases [7] emphasize the role
of the carrier density in driving the electronic interac-
tions. Note, finally, that the peaks due to van Hove sin-
gularities in the density of states can be observed directly
by scanning tunneling spectroscopy[8, 9, 38]
As shown in Ref. [39], the long-range Coulomb inter-
actions in TBG away from CN may be comparable or
larger than the bandwidth, giving rise to an inhomo-
geneous Hartree potential which substantially modifies
the shape of the electronic bands. The dominant role of
the Coulomb interaction in the low energy physics of the
TBG near the magic angles has also been discussed out
in Refs. [8, 9, 37].
In this work we report on a fully self-consistent Hartree
calculation of the electronic bands of TBG near the magic
angle, upon varying the filling of the conduction bands
away from CN. In agreement with the findings of the
Ref. [39], we find that the shape, width, and position of
the bands near the neutrality point depend significantly
on the filling of the same bands. Remarkably, we find
an approximate pinning of the DOS at the Fermi energy,
where the self-consistent bands display the tendency to
flatten. As mentioned above, the proximity of the van
Hove singularity to the Fermi level can lead to enhanced
electron-electron interactions. The results reported here
suggest that a fine tuning of the carrier density is not
required for achieving an enhanced density of states at
the Fermi level. Lattice relaxation leads to the reduction
in size of the AA regions [40, 41]. It is taken into account
approximately in our calculations by assuming the inter-
layer hopping between AA and BB sublattices is lower
ar
X
iv
:1
90
6.
10
57
0v
2 
 [c
on
d-
ma
t.s
tr-
el]
  2
6 J
un
 20
19
2than the hopping between AB and BA sublattices [14].
Our findings are valid in a wide range of values for
the carrier density and the dielectric properties of the
substrate. We intended to study the broken symmetry
phases[42] in a future work. In this paper we make a
comprehensive study of the effects of long-range electro-
static interactions, which is a crucial prerequisite to the
understanding of more complex phases.
The work is organized as follows: in Sec. II we provide
a technical description of the model used, introducing an
inhomogeneous Hartree potential within the continuum
model of TBG. In Sec. III we show and comment the nu-
merical results concerning the self-consistent electronic
bands and the corresponding DOS for different fillings
and twist angles. We also provide an exhaustive analysis
of the shape of the Fermi surface and of the positions
of the van Hove singularities in the momenta space. In
this section we study situations where the electrostatic
potential is strongly screened, in order to show better
the continuity between non interacting and interacting
results. In Sec. IV we consider the role of the exchange
potential. We show that its contribution is sub-leading
when compared to the Hartree term and, more impor-
tantly, has little effect on the shape of the bands and
on the position of the van Hove singularity. In Sec. V
we extend the results to cases with more realistic and
smaller screening. We find a substantial enhancement
of the bandwith. The total bandwidth is further stud-
ied in Sec. VI were we complete the analysis by adding
the effect of possible residual strains, see Ref. [43]. These
combined effects might account for a more precise quanti-
tative description of the spectra of TBG. The appendices
complete the information in the main text by analyz-
ing further: i) screening by metallic gates, ii) screening
by high-energy bands in the bilayer iii) extension of the
calculations to a simplified model with infinitely narrow
bands at neutrality, where the dispersion is solely deter-
mined by electrostatic effects, and iv) a description of
the optical conductivity and the contribution from the
van Hove singularities, which could be used to study this
problem experimentally.
II. THE MODEL
We model the TBG at small twist angles within the
low energy continuum model considered in Refs. [10–14].
At angles θ where the two layers are commensurate, the
twist between neighboring layers leads to the formation
of a Moire´ superlattice. The size of the corresponding
unit cell
L =
a
2 sin θ/2
(1)
dramatically increases as the angle is reduced, where
a = 2.46A˚ is the lattice constant of monolayer graphene.
The continuum models are meaningful for small enough
angles, where any twist forms approximately commensu-
rate structures. The Moire´ mini Brillouin zone (mBZ),
(a)
(b)
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Figure 1. (a) Folding of the BZs of the twisted monolayers
graphene. The BZ of layer 1 (red hexagon) is rotated by−θ/2,
while that of the layer 2 (blue hexagon) by θ/2. The small
black hexagons represent the mBZs forming the reciprocal
Moire´ lattice. In the inset: K1,2 are the Dirac points of the
twisted monolayers, which identify the corners of the mBZ.
(b) mBZ. G1,2 are the two reciprocal lattice vectors. The
blue line shows the high symmetry circuit in the mBZ used
to compute the bands shown in Fig. 2.
resulting from the folding of the two BZs of each mono-
layer (see Fig. 1(a)), has the two reciprocal lattice vectors
G1 = 2pi(1/
√
3, 1)/L and G2 = 4pi(−1/
√
3, 0)/L, (2)
shown in green in Fig. 1(b).
For small angles of rotation the coupling between dif-
ferent valleys of the two monolayers can be safely ne-
glected, as the interlayer hopping has a long wavelength
modulation. In what follows we describe the model for
the behavior of the two K-valleys of the twisted mono-
layers, where K = 4pi(1, 0)/3a is the Dirac point of the
unrotated monolayer graphene. The case corresponding
to the opposite valleys at K ′ = −K directly follows from
time reversal symmetry k→ −k.
The fermionic field operators of the TBG are 4-
component Nambu spinors:
Ψ = (ψA1 , ψB1 , ψA2 , ψB2)
T
, (3)
3where A,B and 1, 2 denote the sub-lattice and layer in-
dices, respectively. We introduce a relative twist θ be-
tween the two monolayers by rotating the layer 1 by −θ/2
and the layer 2 by θ/2. Without loss of generality, we as-
sume that in the aligned configuration, at θ = 0, the two
layers are AA-stacked. In the continuum limit, the effec-
tive Hamiltonian of the TBG can be generally written as
[10, 11, 14]:
HTBG =
∫
d2rΨ†(r)
(
H1 U(r)
U†(r) H2
)
Ψ(r). (4)
Here
Hl = ~vFσθl/2 · (−i∇−Kl) (5)
is the Dirac Hamiltonian for the layer l, where
vF =
√
3ta/(2~) is the Fermi velocity, t is the hop-
ping amplitude between pz orbitals located at near-
est neighbors carbon atoms, θ1,2 = ∓θ, σ±θ/2 =
eiσzθ/4σe−iσzθ/4, σi are the Pauli matrices, and K1,2 =
4pi (cos θ/2,∓ sin θ/2) /(3a) are the Dirac points of the
two twisted monolayers, which identify the corner of the
mBZ shown in Fig. 1(a). The inter layer potential, U(r),
is a periodic function in the Moire´ supercell. In the limit
of small angles, its relevant harmonics are given by the
three reciprocal lattice vectors G = 0,−G1,−G1 − G2
[10]. The corresponding amplitudes U (G) are given by:
U(0) =
(
g1 g2
g2 g1
)
,
U (−G1) =
(
g1 g2e
−2ipi/3
g2e
2ipi/3 g1
)
, (6)
U (−G1 −G2) =
(
g1 g2e
2ipi/3
g2e
−2ipi/3 g1
)
.
In the following we adopt the parametrization of the TBG
given in the Ref. [14]: ~vF /a = 2.1354 eV, g1 = 0.0797
eV and g2 = 0.0975 eV. The difference between g1 and
g2, as described in Ref. [14], accounts for the corruga-
tion effects where the interlayer distance is minimum at
the AB/BA spots and maximum at AA ones, or can
be seen as a model of a more complete treatment of
lattice relaxation [41]. The Hamiltonian Eq. (4) then
hybridizes states of layer 1 with momentum k close to
the Dirac point with the states of layer 2 with momenta
k,k +G1,k +G1 +G2. For the parametrization used
here we find a pair of flat bands, with vanishing Fermi ve-
locity and no dispersion near the Fermi level for a magic
angle θ = 1.08◦.
Next, we take into account the long-range Coulomb
interaction by adding an additional Hartree term in the
Hamiltonian of the Eq. (4). As emphasized in Ref. [39] by
means of a Wannier-based analysis (see also [14, 44, 45]),
the inhomogeneous charge distribution in TBG leads to
an electrostatic potential of the order of VCoulomb ∼
e2/L, where e is the electron charge and  the dielec-
tric constant of the substrate. At angles θ ∼ 1◦, VCoulomb
turns out to be generally much bigger than both the mini-
band width, which is a few meV, and the intra-atomic
Hubbard interaction, and consequently strongly modifies
the band structure close to the Fermi level. In general
the Hartree contribution to the Hamiltonian is given by
VH =
∫
d2rvH(r)Ψ
†(r)Ψ(r), (7)
vH(r) =
∫
d2r′vC(r − r′)δρ(r′). (8)
Here vC(r) =
e2
|r| is the Coulomb potential and δρ(r) is
the fluctuation of the charge density with respect to CN.
The density of carriers in TBG is periodic in the Moire´
unit cell, with maxima in the AA spots and minima in the
AB/BA ones [12, 13, 39, 46]. Thus it can be generally
written as the superposition of plane waves:
δρ(r) =
1
Vc
∑
G
δρ(G)eiG·r, (9)
where Vc = L
2
√
3/2 is the area of the unit cell and the
G’s are reciprocal lattice vectors. The amplitudes δρ(G)
are given by:
δρ(G) = 4
∫
mBZ
d2k
VmBZ
∑
G′i,l
φi,∗lk (G
′)φilk (G
′ +G) ,(10)
where VmBZ = (2pi)
2/Vc is the area of the mBZ, l is
the band index resulting from the Bloch diagonalization
of the full Hamiltonian, HTBG + VH . The parameter
i = A1, B1, A2, B2 labels the sub lattice and layer and
φilk (G) is the amplitude for an electron to occupy a state
with Bloch momentum k +G in the l-th band. The φ’s
are normalized as∑
iG
φi,∗lk (G)φ
i
l′k (G) = δl,l′ . (11)
In Eq. (10), the sum over the band index l extends
only over energy levels with El(k) between the CN point
and the Fermi level. The factor of 4 accounts for the
spin/valley degeneracy of the TBG Hamiltonian. The
Hartree potential of the Eq. (8) implicitly depends on
the fractional filling of the conduction band: n ∈ [−4, 4],
where n = 4 corresponds to fully filled valence and con-
duction bands, while they are both empty for n = −4.
As shown in Ref. [39], the dominant contribution to
δρ comes from the first star of reciprocal lattice vectors,
G = Gi = ±G1,±G2,± (G1 +G2). As a consequence,
we will neglect higher order harmonics in the following.
In addition, exploiting C6 symmetry we can assume that
the Fourier components of δρ are equally weighted in the
first star of vectors Gi. Under these assumptions, the
Hartree potential of the Eq. (8) takes the form:
vH(r) = V0δρG
∑
i
eiGi·r, (12)
where V0 = vC (Gi) /Vc, with vC (Gi) = 2pie
2/ ( |Gi|)
the Fourier transform of vC evaluated at Gi, and thus
V0 = e
2/ (L). The real quantity
δρG ≡ 1
6
∑
i
∫
Vc
d2rδρ(r)e−iGi·r (13)
4is the single parameter which defines the Hartree poten-
tial, and thus needs to be determined self-consistently.
Note that the Hartree potential (12) contributes to the
Hamiltonian of the TBG as a diagonal term in the sub-
lattice/layer subspace, coupling the generic state of mo-
mentum k to the six states of momentum k −Gi, with
an amplitude equal to V0δρG.
For a given value of the filling of the conduction band,
n, we compute the valence and conduction bands by di-
agonalizing the Hamiltonian for the TBG in the presence
of the Hartree potential of Eq. (12), vH , in which δρG is
obtained as the self-consistent solution of the Eq. (13).
This procedure is iterated until convergence.
III. BANDS DISTORTION INDUCED BY THE
INHOMOGENEOUS HARTREE POTENTIAL
In this section we show the numerical results for the
self-consistent diagonalization described in the previous
section, as a function of the twist angle and the filling n.
The self-consistent order parameter, δρG, is a dimen-
sionless number varying between −4 and 4. As expected,
it depends approximately linearly on n in a wide range of
fillings and parameters. For the results in this section, we
use a very high value of the dielectric constant  ' 66.
to reduce the strength of the Coulomb force. For this
choice we find that the amplitude of the fluctuations of
the Hartree potential between the AA and AB/BA spots
of the Moire´ unit cell, VH(AA) − VH(AB) ' 5 meV, for
a band filling n = 1. This energy scale is comparable to
the bandwidth of the TBG in the absence of interactions,
so that a simple one-to-one comparison between the two
cases is possible.
A study of the effects of more realistic electrostatic
interactions that include a more sensible screening pa-
rameter,  ∼ 4 − 8, is carried out in Sec. V. The details
of the screening due to external metallic gates, and to
the high-energy subbands in the bilayer is discussed in
Appendix A.
Figure 2 shows the bands obtained along the high-
symmetry circuit of the mBZ, as shown in Fig. 1(b), for
various fillings and angles near the magical one. As we
anticipated, the bands do not rigidly shift when varying
the filling, but they rearrange their shape in a quite non
trivial way. Most interestingly they tend to flatten in the
vicinity of the Fermi level. This is confirmed by the DOS,
shown in Fig. 3, which is clearly pinned at the Fermi en-
ergy for n 6= 0. Moreover, the reshaping of the bands is
much more evident around the points K and M than at
Γ, where the bands are not sensitive to a change in the
density of carriers.
In Fig. 4 we can see the details of the relation of the
position of the Fermi surface and the van Hove singu-
larities in the mBZ, for the angles θ = 1.08◦, 1.05◦ and
fillings n = 1, 2. As already suggested by the results of
Figs. 2,3, the van Hove singularities generally match the
Fermi surface closely for many parameters. This effect is
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Figure 2. Self-consistent bands of TBG in the presence
of the Hartree potential, obtained for the twist angles θ =
1.12◦, 1.08◦, 1.05◦, 0.99◦, and fillings n = −1 (cyan), n = 0
(red), n = 1 (blue), n = 2 (green). The dotted lines show
the bands corresponding to the opposite valleys, while the
horizontal dashed lines represent the Fermi energies.
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Figure 3. DOS for each of the results shown Fig. 2, color-
coded as in that figure. The vertical dashed lines represent
the Fermi energy for each case.
more evident for θ = 1.08◦ and n = 1, and for θ = 1.05◦
and n = 2, than for the other two cases.
In Fig. 5 we show the value of the DOS at the Fermi
level as a function of the filling of the conduction band,
for the angles θ = 1.08◦ and θ = 1.05◦. In both cases
the DOS displays intense isolated peaks. This feature
suggests the possibility of enhancing or suppressing the
electron-electron interactions in TBG by fine tuning the
number of charge carriers, as recently pointed out in ex-
periments [6–9]. Furthermore, the features of the DOS
are generally not particle-hole symmetric, which agrees
with the experimental findings of Ref. [6].
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Figure 4. Fermi surfaces (orange) and positions of the van
Hove singularities (yellow) in the mBZ, for twist angles θ =
1.08◦ and 1.05◦ and filling fraction n = 1, 2.
IV. ROLE OF THE EXCHANGE POTENTIAL
If we wish to perform a fully consistent mean-field cal-
culation, we need to include the Fock term. The Fock or
exchange potential can be written as
VF = −
∑
ij
∫
d2r d2r′vc (r − r′) (14)
× 〈Ψi,†(r)Ψj(r′)〉Ψj,†(r′)Ψi(r),
where the brackets, 〈. . . 〉, denote the expectation value in
the filled states of the full Hamiltonian HTBG+VH +VF .
Using an expansion in Bloch waves, we can write this as
〈
Ψi,†(r)Ψj(r′)
〉
=
∫
mBZ
d2k
(2pi)
2
∑
G,G′
eik·(r
′−r)eiG
′·r′e−iG·rCjik (G
′,G) . (15)
Here
Cjik (G
′,G) ≡
∑
locc
φjlk(G
′)φi,∗lk (G), (16)
with the sum over all the occupied levels, locc, in the two
bands in the middle of the spectrum. The Hamiltonian
(14) is more conveniently expressed in momentum space.
Substituting Eq. (15) into (14) and folding the BZ of
monolayer graphene gives
VF = −
∫
mBZ
d2k
∑
ij
∑
G,G′
Ψj,†k (G
′)Ψik(G
′ +G)vjiF,k (G
′,G′ +G) . (17)
Here Ψk(G) ≡
∫
d2r
2pi Ψ(r)e
i(k+G)·r is the Fourier com- ponent of the field operator Ψ(r), corresponding to the
Bloch momentum k +G, and
vjiF,k (G
′,G′ +G) ≡ −
∑
G′′
∫
mBZ
d2p
VmBZ
vc (p− k +G′′)
Vc
Cjip (G
′′ +G′, G′′ +G′ +G) . (18)
The off-diagonal elements, vj 6=iF , can be safely neglected, as the interactions coupling different layers and/or sub
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Figure 5. Value of the DOS at the Fermi level as a function
of the filling of the conduction band, for the angles θ = 1.08◦
(a) and θ = 1.05◦ (b).
lattices are supposed to be local in space within the con-
tinuum model, while the exchange potential describes the
non-local effects of the Coulomb interaction. Assuming
that the Coulomb potential is negligible at momenta out-
side the mBZ, we retain only the term corresponding to
G′′ = 0 in the sum of the Eq. (18). In addition, to link
with the truncation of the Hartree potential, we only
consider matrix elements of the exchange potential (17)
coupling states of momentum k +G with states of mo-
mentum k +G and k +G+Gi, where Gi belongs to
the first star of reciprocal lattice vectors.
In Fig. 6 we compare the DOS obtained using the
Hartree-Fock approximation (continuum lines) to those
with only Hartree potential (dotted lines), for a twist
angle θ = 1.05◦ and different fillings of the conduction
band. The main effect of the exchange potential is visi-
ble at CN, n = 0, where the Hartree potential is absent,
and at full filling, n = 4, where the exchange potential is
enhanced by the contribution of all the electronic states.
However, in both these cases the difference between the
results corresponding to the full Hartree-Fock calcula-
tions and those obtained with only the Hartree potential
is not very significant. In panel (b), for two electrons per
unit cell in the conduction bands (including valley and
spin), the Fock contribution is negligible when compared
to the Hartree one. For empty bands, panel (c), the ex-
change potential is zero. We can conclude that adding
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Figure 6. Density of states obtained for a twist angle θ =
1.05◦ including the full Hartree-Fock interaction (solid lines)
and only the Hartree part (dotted lines). The origin of the
horizontal axis has been set at the Fermi level.
the exchange potential only makes minor modifications
to the DOS or the pinning at the Fermi level. We con-
clude that the main effect causing distortion of the bands
originates from the Hartree potential.
V. EFFECT OF SCREENING
As we mentioned above, the results shown in the pre-
vious sections correspond to a strong screening, in order
to facilitate the comparison between the non-interacting
and the interacting bands. The screening from metallic
gates, and from the higher energy bands of the bilayer,
at the relevant wavevector for the electrostatic potential,
|G| = (4pi)/(√3LM ), is not expected to be very large.
Typical values for the dielectric function of the hBN slabs
that encapsulate the bilayer are  ≈ 4− 8 (note that, in
addition, a very thin hBN slab does not screen electro-
static potentials at low wavevectors, see Appendix A. In
this section, we analyze the role of the Hartree potential
for screening constants of  = 4 and  = 7.5.
Fig. 7 shows the bands (left panels) and the DOS (right
panels) obtained for  = 7.5 (a) and  = 4 (b), for
n = −1, 0, 1 and twist angle θ = 1.08◦. Analogous re-
sults corresponding to θ = 1.05◦ are shown in Fig. 8.
The distortion of the bands induced by the Hartree po-
tential is much stronger than for the results shown in
Sec. III. Though, the data still display a clear pinning of
the DOS at the Fermi level and the main qualitative fea-
tures pointed out in the previous sections remain nearly
unchanged. In addition, the overall bandwidth sensi-
tively grows as  is lowered. For the case corresponding
to  = 4, which is a quite realistic value, we obtain a
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Figure 7. Bands and DOS for V0 = 15 meV (a) and V0 =
28 meV (b), at the angle θ = 1.08◦, and filling n = −1 (cyan),
n = 0 (red), n = 1 (blue).
bandwidth of approximately 30 meV. This value is much
larger than what predicted by the continuum models [10–
14] (. 5 meV). Consequently, we argue that the Coulomb
interaction will make an important contribution in broad-
ening the mini-band width of the TBG near the magic
angle.
VI. EFFECT OF RESIDUAL STRAINS
For completeness, we consider the additional effects of
residual strains, which may play a role in realistic situ-
ations. The presence of strain is revealed by the ellip-
tical shape of the Moire´ dots observed in STM experi-
ments [38]. As shown in [40, 43], the combined effects
of relaxation and strain might explain the large distance
between the van Hove singularities, up to 55 meV, ob-
served in [6, 38]. Here we consider a uniaxial strain of
ε = 0.6%, applied along the direction forming an angle
of 30◦ with respect to the horizontal axis. This leads
to a distortion of the mBZ as shown in Fig. 9(b). For
the technical details concerning the parametrization of
the strain in the continuum model of TBG, we refer to
Ref. [43]. Figure 9(a) shows the DOS obtained includ-
ing strain and a dielectric constant  = 4, for the twist
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Figure 8. As in Fig. 7, but for θ = 1.05◦.
angle θ = 1.05◦ and different fillings of the conduction
bands, as labeled by the vertical right axis. The over-
all bandwidth is delimited by the two peaks associated
to the van Hove singularities, with a distance between
them of approximatively ∼ 35 meV, in agreement with
the experimental observations [6, 38]. In general, we find
a less pronounced pinning of the DOS at the Fermi en-
ergy as compared to the strain-less case of the Sec. III.
Interestingly, moving away from CN, the peak closest to
the Fermi energy broadens while the farthest one gains
intensity.
VII. CONCLUSIONS
We have analyzed the effect of the electrostatic inter-
action on the band structure of a TBG near the magic
angle θ ∼ 1◦, with emphasis on the width of the bands,
and the change in the role of the van Hove singularities
in the density of states. The scale of the electrostatic po-
tential, ∼ e2/LM ), is comparable to or larger than the
bandwidth W of the non-interacting system. Even for
an unrealistically large screening,  ∼ 50 − 80, the scale
of the Coulomb force equals the band splitting near the
first magic angle, suggesting that such effect may drive
the electronic properties of such systems.
An analysis of the screening by the hBN substrate,
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Figure 9. (a) DOS obtained for a twist angle θ = 1.05◦
including uniaxial strain ε = 0.6% for a dielectric constant
 = 4. The zeroes for each curve (denoted by the dashed
lines) have been moved for each filling as indicated on the
right-hand side . (b) Distorted mBZ in the presence of strain.
metallic gates, and high energy bands of the twisted bi-
layer allows us to estimate that realistic values for the
screening of the electrostatic potential are in the range
 ∼ 6 − 10. For these values of the screening, the band-
width is mostly determined by the Hartree potential–the
exchange terms have little effect, apart for charge neu-
trality where the Hartree terms vanish. The effect of the
Hartree potential varies significantly as function of filling.
This dependence of the shape of the bands on elec-
tronic filling shifts states from above (below) the van
Hove singularities to below (above) them, depending on
whether the carriers are electrons or holes. This leads
to an approximate pinning of the van Hove singularities
at the Fermi energy at certain fillings, in agreement with
experimental results.
This suggest that interactions stabilize such pinning,
making it more stable over a wider range of fillings, and
thus much more amenable to experimental measurement
and exploitation in future devices.
At the completion of this work, we have noticed a re-
lated paper [47].
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Appendix A: screening
1. Screening due to metallic gates.
The screening induced by a metallic gate at distance
d from the twisted graphene bilayer can be analyzed us-
ing the method of image charges.A single metallic gate
changes the Fourier transform of the effective interaction
between two point charges in the bilayer. For a gate at
distance D from the bilayer, the potential becomes
vscr(q) =
2pie2
|q|
(
1− e−|q|D
)
(A1)
where q is a two dimensional vector in the plane of
the bilayer. The relevant Fourier components of the
Hartree potential are at reciprocal lattice vectors with
|G| = (4pi√3)/(3LM ) where LM is the Moire´ lattice
length. Hence, the effective interaction is reduced by a
factor
vscr(G) = vbare(G)
(
1− e− 4pi
√
3D
3LM
)
(A2)
For bilayer gate distances D ∼ LM we obtain that the
reduction factor is 1− e(4pi)/
√
3 ≈ 0.9993.
A second gate on the other side of the bilayer leads to
an infinite series of image charges, with alternating signs.
The effect of this series can be summed. For simplicity,
we assume that the top and bottom gates are at the same
distance from the bilayer, D, and obtain
vscr(G) =
2pie2
|G|
1− e−|G|D
1 + e−|G|D
(A3)
For e−|G|D  1, the effect of two gates is, approximately,
twice the effect of a single gate.
2. Screening due to the upper and lower bands.
The polarization of the bands not considered in the
main text does not contribute to the static dielectric
constant, q → 0. The system formed by these bands
describes a two dimensional insulator. The dependence
of the susceptibility of these bands, χ(q, ω), at ω = 0
9and |q| → 0 is χ(q, ω = 0) ∝ |q|2/∆, where ∆ is an
energy scale of order of the gap of the insulator. The
contribution to the static susceptibility goes as δ ∝
vqχ(q, ω) = 0) ∝ |q| → 0. As function of momentum, |q|,
the screening of a slab with N layers will be significant for
|q| & ∆/(Ne2), provided that the total thickness of the
slab, w, is such that w . |q|−1. Note that this analysis
is also valid for thin slabs of hBN layers.
The relevant components of the Hartree potential in
twisted bilayer graphene have Fourier components at the
lowest reciprocal lattice vectors, |G| = (4pi√3)/(3L). We
first approximate the screening at this wavevector by con-
sidering the screening due to two decoupled graphene lay-
ers. The susceptibility of undoped graphene is[48]
χ(q) = Nf |q|
16~vF
(A4)
where Nf = 8 is the number of Dirac cones. The contri-
bution to the screening function is
δ = vqχ(q) =
pie2
~vF
(A5)
This result is independent of the wavevector, in our case
G. For isolated graphene layers, we can take e2/(~vF ) ≈
2, and we obtain δ ∼ 6.
A more precise estimate of the internal screening can
be obtained from directly studying the continuum model,
The screening from the upper bands at low wavevectors,
q → 0, was considered in Ref. [49]. The calculation is
simplest in reciprocal space. The density operator ρ˜G
only has finite matrix elements between states with the
same momentum in different bands. The static suscepti-
bility can thus be written as
χ(G) =
4
Vc
∫
mBZ
d2k
VmBZ
(A6)
× 2
∑
l ∈ occ
m ∈ empty
∣∣∣∑G′ φ†lk (G+G′)φmk (G′)∣∣∣2
m,k − l,k
where labels l and m denote band indices, the factor 4
stands for the spin and valley degeneracy, and the factor
2 follows from the double counting of the occupied states
in the Lindhard function. Numerical calculations give
χ(G) ≈ αV −1c with α = 0.07 meV−1 where we use the
parameters described in the main text. The correction to
the screening is δG ≈ 8, in reasonable agreement with
the previous analytical estimates.
Appendix B: Bandwidth and pinning in twisted
graphene layers with infinitely narrow bands.
The effects discussed in this work, the change of band
shape and bandwidth of the low energy bands, and the
approximate pinning of the van Hove singularities at the
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Figure 10. Bands (left) and density of states (right) of the
model for twisted bilayer graphene with electron-hole sym-
metry and infinitely narrow bands at the neutrality point.
The fillings considered are n = −1, 0, 1, 2, as in Fig. 2. The
Fermi velocity, AB interlayer hopping, and relation between
the Hartree potential and the charge density used are also as
in Fig. 2. The twist angle is θ = 1.01◦, which is the first magic
angle of the model.
Fermi level for certain band fillings, is clearly manifested
in a model where the interlayer hopping between the AA
lattices is set to zero[12, 46]. This model has electron-hole
symmetry, a number of almost equally spaced magic an-
gles, where the bandwidth of the lowest bands is strictly
zero[12].The model gives a simpler description of the
emergence of magic angles in twisted bilayer graphene,
while keeping the most relevant physical features intact.
If we assume that at half filling the Hartree potential is
zero throughout the Moire´ unit cell, we can expect that
a self consistent Hartree potential will arise away from
half filling. This potential induces a finite bandwidth,
which is solely due to the electrostatic interaction. As
mentioned in the main text, the fact that he number of
electronic flavors is 4 makes the exchange term signifi-
cantly smaller than the Hartree contribution.
Results for the bands and for the density of states are
shown in Fig. 10. The plots in Fig. 10 indicate that
the pinning of the van Hove singularities at integer fill-
ings is enhanced when the bands are infinitely narrow
at neutrality. The two bands remain degenerate away
from neutrality, although they become dispersive. This
result can be understood if we assume that the Wannier
functions which describe the system at neutrality are the
same for the bands away from neutrality. At neutrality,
the flatness of the bands implies that all hoppings be-
tween Wannier functions are zero. The dispersion shown
in Fig. 10 is due solely to new hoppings induced by the
Hartree potential. As the model used assumes that the
Hartree potential changes in the same way both layers,
the two bands acquire a dispersion, but remain degener-
ate.
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Figure 11. Optical absorption, in arbitrary units, for the
bands plotted in Fig. 2c. The filligs are: n = −1, cyan, n =
0, red, n = 1, blue, n = 2, green.
Appendix C: Optical absorption.
A good alternative to STM experiments for studying
the van Hove singularities in the density of states ex-
perimentally is by observing the optical absorption. In
twisted bilayer graphene at the magic angles intra- and
interband transitions between the two lowest bands oc-
cur at very low energies, and they may thus be difficult
to observe, however.
We have performed a calculation of the optical absorp-
tion following the framework set out in [50, 51]) for the
four bands and fillings shown in Fig. 2c. The results are
shown in Fig. 11. It is interesting to note that that the
energy of the main peak, related to transitions between
van Hove singularities, hardly changes with filling. The
van Hove singularities in the density of states associated
to the peaks in the optical absorption are in different
bands for n = 0, and in the same bands for n 6= 0. No-
tice that the main peak occurs at 0.5 meV, which is of
course a hard wavelength to observe.
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